Second moments of mode amplitudes at fixed frequency as a function of separations in mode number, time, and horizontal distance are investigated using mode-based transport equations and Monte Carlo simulation. These second moments are used to study full-field acoustic coherence, including depth separations. Calculations for low-order modes between 50 and 250 Hz are presented using a deep-water Philippine Sea environment. Comparisons between Monte Carlo simulations and transport theory for time and depth coherence at frequencies of 75 and 250 Hz and for ranges up to 500 km show good agreement. The theory is used to examine the accuracy of the adiabatic and quadratic lag approximations, and the range and frequency scaling of coherence. It is found that while temporal coherence has a dominant adiabatic component, horizontal and vertical coherence have more equal contributions from coupling and adiabatic effects. In addition, the quadratic lag approximation is shown to be most accurate at higher frequencies and longer ranges. Last the range and frequency scalings are found to be sensitive to the functional form of the exponential decay of coherence with lag, but temporal and horizontal coherence show scalings that fall quite close to the well-known inverse frequency and inverse square root range laws.
I. INTRODUCTION
Optimal use of ocean acoustic fields for remote sensing, navigation, and communication requires one to take advantage of the coherence of the ocean (Urick, 1983; Munk et al., 1995; Kilfoyle and Baggeroer, 2000) . Signal coherence can be affected by many aspects of the ocean environment, and extensive studies have examined the effects of acoustic interactions with ocean boundaries as well as ocean water column effects (Flatt e et al., 1979) . In deep water acoustics, particular attention has been paid to coherence loss induced by stochastic small-scale ocean sound-speed structure, such as that caused by internal waves (Ewart and Reynolds, 1984; Flatt e, 1983a) , and it has been suggested that coherence could be a useful observable for inversions of ocean internal wave spectra (Flatt e, 1983b; Colosi, 1999) . This paper presents a tool for studying ocean acoustic coherence effects from random sound speed perturbations, namely mode based transport equations. Monte Carlo simulations are used to validate the transport theory, and results are presented demonstrating the adiabaticity of the propagation as well as scaling laws for lag, acoustic frequency, and receiver range.
While coherence as an acoustic observable has been of intense theoretical and observational interest for many decades, several outstanding questions exist. The basis of our theoretical understanding of coherence comes primarily from path integral approaches (Flatt e et al., 1979; Flatt e and Stoughton, 1988) , which have a pleasing geometrical simplicity. In the path integral approach, coherence is estimated with respect to a specific acoustic path in the unperturbed ocean, that is to say a characteristic coherence time or spatial scale (defined as the e À1/2 decay) is computed by integrating various functionals along a ray path from the unperturbed ocean. Strong theoretical evidence suggests several shortcomings to this approach. It is now well known that the unperturbed ray path is unstable to range dependent sound speed structure like that caused by internal waves (BeronVera et al., 2003) , and the estimated instability range is of order hundreds of kilometers. Thus the approximation of expansion about the unperturbed ray is expected to break down on the order of hundreds of kilometers, and some evidence of this has been presented by Flatt e and Vera (2003) . In addition, it has been known for some time that the ray path functionals in the path integral theory do not correctly handle ray path curvature that is typical of ocean acoustic propagation (Henyey and Macaskill, 1996; Colosi et al., 1999; Flatt e and Rovner, 2000) . While corrections have been proposed for ray path curvature, they are either computationally intensive or empirical and approximate (Flatt e and Rovner 2000) . Last while path integral theory provides clear predictions on the matter of the scaling of the coherence function with regards to lag, frequency, and range, several observational results seem to call these predictions into question. In particular Carey (1998) finds that while the coherence function obeys the exponential form a) Author to whom correspondence should be addressed. Electronic mail:
jacolosi@nps.edu expected from path integral theory, the scaling of the coherence as a function of lag does not follow the quadratic form obtained from the second order expansion of the phase structure function utilized in path integral theory. In addition, Yang (2006) finds that the frequency (f) scaling of temporal coherence in both deep and shallow water environments does not follow the path integral/ ray theory scaling of f
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but is closer to f À1.5 . Thus to investigate these issues, a different approach to coherence estimation is examined using coupled mode theory at fixed frequency. This methodology differs fundamentally with the path integral approach, which estimates coherence along a fixed ray path.
In a series of articles, a transport theory for the range evolution of the cross-mode coherence matrix has been shown to accurately predict single frequency mean intensity for both shallow and deep water environments (Colosi and Morozov, 2009; Colosi et al., 2011) . The theory assumes two-dimensional propagation in the depth range plane, weak, small-angle, multiple forward scattering, and the Markov approximation. In the present work, this theory is extended to handle cross-mode coherence not only in mode number but also with separations in time and transverse position. With such information, the estimation of acoustic field coherence at fixed frequency as a function of time, depth, and transverse positions can be made. The theory provides important insight into the scattering physics by revealing resonance conditions in which the spectral strength of the sound-speed perturbations near the modal beat wavenumbers plays a critical role. The present transport equation approach provides a closely related body of coupled mode theory to the work by Voronovich and Ostachev (2006) and Voronovich et al. (2011) who treat acoustic coherences in which azimuthal coupling is also included in the calculations.
The basic results of this research are now summarized. First a validation analysis was performed in which transport theory for time and depth coherence was tested against "full physics" Monte Carlo numerical simulations. In the simulations, an environment typical of the Philippine Sea was used (a deep water environment) with sound speed perturbation obeying the Garrett-Munk spectrum (Munk, 1981; Colosi and Brown, 1998) . Validation of the theory for shallow water environments is beyond the scope of the present study and will be addressed in subsequent work. The agreement between the transport theory and the Monte Carlo simulations is seen to be excellent at the two frequencies of 75 and 250 Hz that were considered. As a further validation, comparisons were made on the matter of the range evolution of mode energies and the agreement here is also seen to be excellent. These results for a point source re-enforce previous favorable mode energy comparisons for an acoustic beam simulation (Colosi and Morozov, 2009) , and they also give the reader a sense of the magnitude of mode coupling in these cases.
Because the transport theory does indeed capture the essential physics of the propagation, it is used to delve deeper into the propagation physics. Here the accuracy of the adiabatic and quadratic lag approximations is studied as well as scaling of coherences with frequency and range. Regarding adiabaticity, it is found that the temporal coherence has a strong-dominant adiabatic component, while horizontal and depth coherences show roughly equal contributions from adiabatic and coupling effects. The robustness of the adiabatic result is somewhat surprising since the mode energy changes are significant; the implication is that while mode coupling effects on mode energy can be large, phase induced fluctuations from coupling are not dominant. These results were hinted at in earlier mode coupling studies (Colosi and Flatt e, 1996, see Fig. 3 ). Regarding the quadratic lag approximation, it is commonly assumed that the coherence function has an exponential form in which the argument of the exponential goes quadratically with lag (Flatt e et al., 1979; Flatt e and Stoughton, 1988) . The form of the argument in the exponential comes from an approximation to the sound-speed correlation function that is written as a cosine transform of the internal wave spectrum; the common approximation is to expand the cosine to quadratic order. In the present coupled mode theory, this approximation can be tested, and it is found that a quadratic approximation overestimates the rate of decay of the coherence function particularly in cases where the coherence is high; that is, low frequencies and short range. Last the scaling of coherence with frequency and range is of fundamental interest. Here it is found that the coherence times and lengths (defined as e-folding scales) depend critically on the functional form of the exponential decay with lag; this is especially critical at short ranges and low frequencies where the quadratic approximation breaks down. Be that as it may, the scaling of temporal and horizontal coherence fall rather closely to the inverse frequency and inverse square root scalings known from path integral and ray theory. The fall off is slightly faster than f À1 but not as steep as Yang's result of f À1.5 . Similarly for range scaling, the fall off is slightly faster than R À1/2 . The range and depth scalings results obtained here for temporal coherence are very similar to those obtained by Voronovich et al. (2011) , who utilize a three dimensional scattering theory. Regarding depth coherence, this quantity closely follows the f À1 scaling but changes much more slowly in range than R À1/2 ; the slow change can be understood in terms of the decay of crossmode coherences and the equi-partitioning of mode energy.
The outline of this manuscript is as follows. In Sec. II, theoretical results from the transport theory are presented relating to depth, time, and transverse coherence, and various approximations including the adiabatic and quadratic lag approximations. In Sec. III, Monte Carlo acoustic simulations using time evolving internal wave fields are described, and comparisons are made between the transport theory and the simulations for the observables of mode energy, and time and depth coherence. In Sec. IV, the coherence observables of time, horizontal, and vertical coherence are examined in more detail from the standpoint of the transport equations. Here the applicability of the adiabatic and quadratic lag approximations is studied and the scaling of temporal coherence as a function of range and frequency are presented. Section V has summary and conclusions.
II. COUPLED MODE TRANSPORT THEORY
Many of the details of the transport theory to be addressed in this paper have been presented in previous work (Colosi and Morozov, 2009; Colosi et al., 2011) , so the following discussion will be somewhat terse. This work is concerned with the coherence function for Nx2-D wave propagation through random fields of sound-speed perturbations, where the pressure field is written as a modal expansion in terms of the unperturbed mode function / n (z). The coherence function for separations in depth (z), transverse position (y), frequency (x), and time (t) as a function of propagation range (r) can thus be written hpðr; z 1 ; y 1 ; x 1 ; t 1 Þp Ã ðr; z 2 ; y 2 ; x 2 ; t 2 Þi
and it is seen that the coherence depends critically on the mode amplitude coherence ha n1 a Ã p2 i between points nominally represented by (1) and (2). Here the real part of the unperturbed eigen-wavenumbers is k n , and r is the range. For the case in which there are no frequency and depth separations, a useful summary coherence is the depth average given by
where s ¼ jt 1 À t 2 j, and dy ¼ jy 1 À y 2 j. The transport equation for cross-mode coherence from Colosi and Morozov (2009) can be trivially modified to give the evolution equation for the mode amplitude coherence function, such that
Here l n ¼ k n þ ia n is the complex modal wavenumber and the scattering matrixes are given by
where D mn1,qp2 (n, s, dy) ¼ h q mn1p2 (n, s, dy) i is the correlation function of the coupling matrixes for range separations (n), and other frequency, horizontal position, and/or time separations. The mode wavenumber difference is k qp ¼ k q À k p . In Eq. (4), it is assumed that the attenuation is weak over a correlation length of D mp1,qp2 (an excellent approximation in low frequency deep water acoustics, Creamer, 1996) . In deep water, the internal-wave spectrum is generally assumed to be horizontally isotropic so the correlation function of the coupling matrixes can be written 
Here the sum is over all internal wave modes j with maximum mode number J m , k is the magnitude of the internalwave horizontal wavenumber, S(k, j) is the internal wave spectrum, r j (k) is the internal wave dispersion relation, and h is the azimuthal angle. Additionally the G functions are given by
where q 01 ¼ x 1 /c 0 is a representative acoustic wavenumber (c 0 ¼ 1500 m/s), D is water depth, q 0 (z) is the profile of density, 1z is the WKB stretched coordinate (Colosi and Brown, 1998) , and the rms fractional sound-speed fluctuation is
In Eq. (7), f 0 is a reference internal wave displacement, N 0 is a reference buoyancy frequency equal to 3 cph, N(z) is the buoyancy frequency profile, and (dc/dz) p is the potential sound-speed gradient. A similar expression applies for G qp2 (j), and these factors are seen to have units of m À1 . In this work, the Wentzel-Kramers-Brillouin (WKB) internal wave dispersion relation is used that is given by
where
NðzÞdz, and f is the Coriolis parameter.
2 Use of this dispersion relation means that a maximum horizontal wavenumber k m must be defined such that internal wave frequencies cannot exceed the maximum buoyancy frequency N max ; it is found that k max /k j ' N max /f. Thus in Eq. (5), the infinite limit of integration on the wavenumber k is replaced with k max . It must be pointed out that use of the WKB dispersion relation and WKB modes [e.g., Eq. (6)] is not essential to this theory, but it leads to great computational ease. It is also true that WKB analysis is an integral part of the Garrett-Munk (GM) spectral model, so its use in this work is at least consistent with use of the GM spectrum.
In Eq. (3), the scattering matrices associated with the mean fields are I mn1,qm1 and I Ã mp2;qm2 , and the integrals over angle h and horizontal separation n can be done analytically to yield
and similarly for I Ã mp2;qm2 . In the case of no frequency separation, I mn1,qp1 ¼ I mn2,qp2 . Scattering matrices associated with temporal and/or horizontal separations, that is I mp2,qn1 and I mn1,qp2 , will be treated in the following sections. Note that the singularity in the wavenumber integrand for k ¼ jk qp j shows the importance of the internal-wave spectral strength near this beat wavenumber (Colosi and Morozov, 2009) .
In the present work, the Garrett-Munk internal wave spectrum,
is used where
is the GM vertical mode number spectrum with N j being the normalization and j * ¼ 3. Note here that the spectrum is normalized to unity, and the WKB depth scaling of the internal-wave displacements has been subsumed into Eq. (7). It should also be noted that the wavenumber integral for the scattering matrix in Eq. (9) can be done analytically for the Garrett-Munk internal-wave spectrum, but the result is sufficiently complicated that its recording in this manuscript is unnecessary.
For the sake of completeness, the cross frequency behavior of the equations has been carried along (as was done in Voronovich et al., 2011) , but at this point, the topic will be dropped and taken up in later publications. The issue of broadband internal wave scattering effects are quite important because many of the observations are of wavefront statistics, including the interesting effects of scattering into shadow zones beyond caustics (Van Uffelen et al., 2009) .
In the following sections, more details are given concerning the transport equations, scattering matrices, and various approximations for depth, temporal, and horizontal coherences.
A. Vertical separations
The vertical coherence function is obtained quite easily in this formalism because the depth dependence has been factored out into the unperturbed mode functions. As such the coherence is given by
where the cross-mode coherence function is obtained using the scattering matrices in Eq. (9). It is useful to examine the adiabatic solution of Eq. (3) in which the scattering matrices are only non-zero when m ¼ n and q ¼ p. In this case, the equations decouple and the coherence as a function of the observation range R is
where using the GM spectrum the result is
HðjÞ G nn ðjÞG pp ðjÞ k j :
The cross-mode coherence is seen to decay exponentially with range and the characteristic decorrelation range defined at the e À1/2 point is thus
HðjÞ j ðG nn ðjÞ À G pp ðjÞÞ 2 :
Note that the H(j)/j weighting in the sum means that crossmode decorrelation is driven primarily by the low mode internal waves. Note also that the decorrelation range depends on the square difference of the G(j) functions.
B. Time separations
The temporal coherence function has the form
Because the dispersion relation only depends on the magnitude of the horizontal wavenumber k, the scattering matrices involving the time separation s are obtained using Eq. (5) where the integrals over angle and horizontal separation are done analytically to obtain
Numerical evaluation of Eq. (3) using the scattering matrices from Eqs. (9) and (16) can be easily done to give the complete coherence function, but some useful approximations warrant a discussion. It has been common in the theory of coherence to do analysis of the coherence function for small values of the lag (Flatt e et al., 1979) . As such the cosine in Eq. (16) is Taylor expanded to obtain
As was the case for the scattering matrix in Eq. (9), for the GM spectrum, there is an analytic solution to the wavenumber integral in Eq. (17); again, however, the analytic expression is too cumbersome to report here. Coherence results using the full scattering matrix and the quadratic approximation will be compared in the following sections of this paper, and it will be shown that the quadratic approximation works very well at sufficiently long range and higher frequency. Use of the quadratic approximation confers a significant numerical efficiency. Temporal coherence in the adiabatic approximation, both with and without the quadratic lag approximation, is of great relevance to the present work. As such the adiabatic scattering matrices are obtained for m ¼ n and q ¼ p, and utilizing Eq. (17) with k qp ¼ 0, the wavenumber integral can be done analytically to obtain the adiabatic scattering matrix in the quadratic lag approximation
Note that there is a logarithmic divergence in the scattering matrix if the maximum wavenumber is allowed to go to infinity. In the adiabatic approximation, the mode equations decouple and in this quadratic approximation the result is 
where the characteristic adiabatic coherence time s np is given by
HðjÞ j G nn ðjÞG pp ðjÞ:
As in the case for the mode de-correlation range R np defined in the previous section, the characteristic coherence time is defined by the e À1/2 point. Note that as in the case with cross-mode decorrelation, the H(j)/j weighting in the sum means that adiabatic coherence time s np is affected more strongly by low mode internal waves. Here it is also seen that the coherence time s np scales as one over the square root of range; this result clearly comes about because of the quadratic lag approximation.
C. Horizontal separations
The horizontal coherence function has the form hpðr; z; y 1 Þp Ã ðr; z;
where the horizontal separation is dy(r) ¼ (r/R)dy rec and dy rec ¼ jy 1 (R) À y 2 (R)j is the y-separation at the receiver. The case of horizontal separation is somewhat more complicated for solution of the transport equation because the scattering matrix is no longer independent of the range coordinate. The scattering matrix is therefore written 
In the opinion of the authors, to make the problem numerically tractable, two of the three integrals in Eq. (22) need to be done analytically; unfortunately this has proven to be a difficult task that is unresolved at this point. However, some analytic progress can be made in the quadratic lag approximation. Expanding the cosine to second order the integration over angle (Abramowitz and Stegun, 1972, 9.1.20) , and then over n (Abramowitz and Stegun, 1972, 11.4.35-36) can be done to obtain
where the 6 sign corresponds to the case of k qp greater than and less than zero. Again, the adiabatic limit is of fundamental interest and the wavenumber integral can be done analytically to obtain I nn1;pp2 ðdyðrÞÞ ¼ I mn;qp À dy
HðjÞG nn ðjÞ G pp ðjÞk j
Note again that there is a logarithmic divergence if the maximum wavenumber is allowed to go to infinity. 
with the characteristic adiabatic horizontal coherence length given by
Here it is seen that y np has a different internal wave mode number weighting that s np and R np and depends on H(j)j; that is, the adiabatic horizontal coherence is more sensitive to the higher internal wave modes. As with the case for time coherence, the adiabatic horizontal coherence length scales as one over the square root of range, a consequence of the quadratic lag approximation.
III. COMPARISONS TO MONTE CARLO SIMULATION
To test the accuracy of the previously described transport theory, Monte Carlo numerical simulation results are presented here using time evolving stochastic internal-wave fields for acoustic frequencies of 75 and 250 Hz. Mean background profiles of temperature and salinity in the region of the North-Western Philippine Sea were obtained from the annual average World Ocean Atlas (23 N, 125 E), and plots of sound speed, buoyancy frequency and potential sound-speed gradient are shown in Fig. 1 . The potential sound speed gradient is used in Eq. (7) to compute the rms sound speed fluctuation, which is shown in the lower right panel of Fig. 1 . The acoustic propagation calculations are carried out using the well known mode amplitude evolution equation
where l n ¼ k n þ ia n is the complex mode wavenumber, and q mn (r) is the coupling matrix (see Colosi and Morozov, 2009 ). Equation (27) is solved using the methods described in Colosi and Morozov (2009) . Here the focus is on low-order modes with turning points between 2625-and 500-m depth, which yields maximum mode numbers of 25 and 83 for the two frequencies of 75 and 250 Hz, respectively. For initial conditions, a point source with depth of 1050 m is used; this depth is very close to the sound channel axis. Because the modes are not bottom interacting attenuation comes only from volumetric attenuation given by (Munk et al., 1995) FIG. 1. Mean profiles of sound speed (upper left), buoyancy frequency (upper right), potential sound speed gradient (lower left), and rms sound-speed fluctuation (lower right) used in the numerical calculations of this paper. For rms sound speed, the input profile is shown using a solid line, and the actual modeled profile averaging over 32 realizations is shown with a dashed line.
where the acoustic frequency x is in kilohertz. Because a Pacific Ocean environment is considered, A is taken to be 0.055. Regarding the internal wave simulation, the method of Colosi and Brown (1998) is used to generate time evolving internal wave fields obeying the Garrett-Munk spectrum [Eq. (10)]. These calculations involve 2 13 internal wave wavenumber in each the x and y directions with values between 10 and 1/819.2 cpkm. Also a maximum internal wave mode number of J m ¼ 50 is used with a reference internal-wave displacement of f 0 ¼ 8.3 m. A total of 50 realizations of internal waves are generated, and for each realization, there are 21 time steps every 2.5 min to a maximum time lag of 50 min. Figure 2 shows an example realization of the time evolving internal-wave induced sound-speed fluctuations.
A. Mode energy
As a first step to demonstrating the utility of the transport theory, and to establish the magnitude of mode coupling for the present problem, results related to the range evolution of mode energy, hja n j 2 (r)i, are presented. Figure 3 shows a comparison between the Monte Carlo simulation and the transport theory for ranges of 100 and 500 km and frequencies of 75 and 250 Hz. The simulation and theory are seen to be in excellent agreement for both the 75 and 250 Hz cases. At both frequencies, significant mode coupling has changed the mode energy distributions from the initial condition, and at the 500-km range, a relatively smooth distribution of mode energy has been established.
B. Temporal coherence
Temporal coherence will be a function of receiver depth as is shown in Eq. (21), but a useful representative coherence is the depth averaged coherence given by Eq. (2). Figure 4 shows comparisons of depth average time coherence for the Monte Carlo simulation and the transport theory for frequencies of 75 and 250 Hz and ranges of 100 and 500 km. Here the coherence function is normalized by the zero lag value or the depth average mean intensity. The agreement between simulation and theory is seen to be quite good, although the limited number of realizations result in rather large error bars.
To lend additional credibility to these results, it should be noted that the coherence functions presented here are consistent within less than a factor of two with observations of 75 Hz mode coherence made in the North Eastern Pacific Ocean (Wage et al., 2005) . This study found mode 1, 5, and 10 coherence times (e À1/2 decay) of 10.8, 8.8, and 8.6 min at 3500-km range (note in this manuscript that mean square coherence is plotted). The present calculation (allbeit using a Philippine Sea environment) gives coherence times for these modes of 20, 17, and 16 min at 500 km range, and these individual mode values are seen to be similar to the depth average or mode number average value (see Fig. 4 ). Extrapolating to 3500 km range using square root scaling (see Sec. IV C) values of 7.6, 6.4, and 6.0 min are obtained; these are very close to the North Pacific observations.
C. Depth coherence
The simulation data can also be used to validate the depth coherence, which depends critically on the cross-mode coherence [see Eq. (11)]. Previous work (Colosi and Morozov, 2009) shows excellent agreement between Monte Carlo simulation and transport theory for cross-mode coherence, so in the present study, the direct observable of depth coherence is presented. Figure 5 shows examples of depth coherence comparisons at 75 and 250 Hz and at ranges of 100 and 500 km. Here the coherence function that is presented is normalized by the mean intensities at each depth, that is hp(z 1 )p*(z 2 )i/ (hjp(z 1 )j 2 ihjp(z 2 )j 2 i) 1/2 is presented. In Fig. 5 , z 1 ¼ 1050 m, and values of z 2 are taken between 800 and 1300 m. Because the Monte Carlo simulation for depth coherence does not require time stepping, a total of 128 realizations are used to compute the coherence, thus significantly reducing the error bars relative to the time coherence case. The agreement between simulation and theory is seen again to be good. In some cases, the theory prediction falls outside of the error bars, and we attribute this effect to the non Gaussianity of the sampling distribution for the cross-mode coherence.
Again to lend additional credibility to the calculations presented here, a comparison to depth coherence observations from the finale of North Pacific, long range, low frequency, sound transmissions can be made . It is important that these observations are in the finale region of the arrival structure because this region is composed of low order normal modes like those treated in this work. The ranges varied between 3250 and 5200 km, and the signals consisted of broadband pulses with center frequencies of 75 and 84 Hz. Vertical coherence lengths, that is e À1/2 points of 30-50 m were observed for both broadband and narrowband processes data . In the present analysis, it is found that 75 Hz signals have a 75-m vertical coherence length at 500 km. In Sec. IV C 2, it is found that 
IV. PROPAGATION PHYSICS AND SCALING LAWS
In the previous section, Monte Carlo simulations were used to give confidence in the accuracy of the transport equations, so in the following sections, various aspects of the transport theory coherences are examined to more deeply understand the propagation physics. In particular, the full transport theory is used to examine the adiabatic and quadratic approximations. In addition, a coherence metric is defined, and the range and frequency scaling of this quantity are estimated. Importantly to examine the scaling of coherence as a function of acoustic frequency, acoustic modes in a slightly smaller depth region around the sound channel axis were utilized as compared to the Monte Carlo simulation.
Here the turning depth range of the modes is 610 to 2025 m. This change relative to the Monte Carlo simulation cases helps lessen the computational load with no loss in accuracy because the Monte Carlo simulation and theory comparisons had the same number of modes. In the case considered here, the frequencies are 50, 75, 100, 150, 200, and 250 Hz and the number of modes are 8, 12, 16, 24, 32, and 40.
A. Time coherence
In this section, some aspects of time coherence are investigated, namely the accuracy of the adiabatic and quadratic lag approximations, and the range and frequency scaling of characteristic time coherence.
1. Adiabaticity Figure 6 compares the full coherence calculation to the adiabatic result without the quadratic approximation, that is to say, the adiabatic scattering matrices are given by Eq. (16) but the only nonzero entries are I nn,pp . In the display, the coherence functions are normalized by the zero lag values. Here it is seen that the decay of the coherence is strongly adiabatic. This result is quite surprising because Fig. 3 shows that there is significant mode coupling occurring. Apparently the phase randomizing effects of this coupling are not as significant as the adiabatic randomization. Figure 7 compares the full coherence calculation to the quadratic approximation in which the scattering matrices are given by Eq. (17). Here it is seen that the quadratic approximation overestimates the decay of the coherence function but that the approximation gets better for higher frequency and longer range with essentially no error being seen for 250 Hz and 500-km range. The issue regarding the accuracy of the quadratic expansion as a function of range and frequency is complicated because clearly the cosine term that is Taylor expanded in Eq. (16) does not depend on either of these parameters. The issue is how fast the other factors grow or decay in front of the cosine in Eq. (16) and how mode phase randomization accumulates with range.
Quadratic lag approximation

Scaling of coherence with range and frequency
Some introductory remarks are required before results for range and frequency scaling of time coherence are presented. First, because Eq. (3) has constant coefficients for the case of time coherence and is of the form dA/dr ¼ I(s)A, solutions for the cross-mode coherences will be the sum of terms of the form exp(Àk n (s)R), where k n (s) are eigenvalues of the matrix I(s). Here it is importantly seen that range comes in linearly in the exponent, and thus the mode time coherence function can be written in the form exp(ÀF(s)R). Characteristic coherence times are defined by an arbitrary efolding scale, and the tradition in ocean acoustics has been to use F(ŝ)R ¼ 1/2 whereŝ is the coherence time (Flatt e et al., 1979; Flatt e and Stoughton, 1988) . Thus it can be seen that the scaling of coherence timeŝ with range will depend on the functional dependence of F on s. For example, if F scales quadratically with s, then the range scaling will be as R À1/2 ; if the scaling is linear, then the range scaling is as R
À1
and so forth. Correspondingly if the range is fixed and the dependence ofŝ on frequency is sought, it is also evident that this frequency dependence is related to the functional form of F(s).
With this background in mind, Fig. 8 shows both the frequency and range scaling ofŝ obtained by the transport equations. Here the characteristic coherence time is defined using the conventional e À1/2 decay, and results for range scaling are done for 100 and 250 Hz, while the results for frequency scaling are done for 100 and 500 km range. The observed scaling laws are quite close to the canonical results from path integral and ray theory, that is, time coherence roughly scales as frequency to the minus one power and as range to the minus one-half power. It should be noted that in the path integral theory, an inverse square root range dependence is obtained because the phase structure function is expanded to quadratic order in the lag, and the inverse frequency dependence derives from the assumption that phase fluctuations are frequency times time fluctuation. Because the scaling of F(s) is not exactly quadratic and the frequency dependence is not exactly linear [due to the complicated frequency dependence of I(s)], it is found that the range scaling goes as the power À0.61 and À0.57 for the frequencies of 100 and 250 Hz, while the frequency scaling goes as À1.23 and À1.15 for the ranges of 100 and 500 km. That is to say the coherences decay slightly faster than the canonical models as frequency and range are increased. Figure 7 shows that as frequency and range increase the quadratic lag approximation gets better and better, so we anticipate that the scaling laws asymptote to the path integral/ray theory results as expected.
B. Horizontal coherence
In this section, the observable of horizontal coherence is examined. It must be noted, however, that the expressions for horizontal coherence have only been obtained in the quadratic lag approximation and that they have not been validated using Monte Carlo simulation. In particular, the approach here ignores azimuthal coupling and is in a sense an Nx2D approach. Be that as it may the success of all the other observables suggest that the theory here can give quite useful insight. Furthermore a crude comparison to observations in the Eastern North Pacific is useful, where Voronovich et al. (2005) found a full field (not modal) horizontal coherence length of 500-m at 3850-km range (e À1/2 decay). Figure 9 shows estimates of horizontal coherence functions from the transport theory where a horizontal coherence length of 1900 m at 500-km range is obtained. Extrapolating this value out to 3850 km using square root scaling yields a theoretical value of 685 m to be compared to the North Pacific value of 500 m. At this long range, the modes have been measured to have virtually no cross-mode coherence (Wage et al., 2005) , so the full-field coherence will be that of the individual modes. Thus this comparison gives further confidence in the theoretical calculation. FIG. 8 . Frequency and range scaling of characteristic time coherenceŝ derived from the depth average coherence function. In the left panel, the variation ofŝ as a function of frequency is shown for ranges of 100 and 500 km (points). Dashed curves show power law fits to the values where the fitted exponents are À1.23 and À1.15 for the ranges of 100 and 500 km, respectively. The thick curve shows a À1.0 power law. In the right panel, a variation ofŝ as a function of range is shown for frequencies of 100 and 250 Hz. Dashed curves show power law fits to the values where the fitted exponents are À0.61 and À0.57 for the frequencies of 100 and 250 Hz, respectively. The thick curve shows a À0.5 power law.
Adiabatic approximation
Turning to the issue of adiabatic effects, Fig. 9 shows a comparison between the fully coupled horizontal coherence calculation and the adiabatic approximation, both in the quadratic approximation. Here the adiabatic theory is not as close to the fully coupled theory as was the case for temporal coherence. However, one could conclude that roughly half the decorrelation is adiabatic here, compared to roughly 90% from the time coherence (Fig. 6) . The importance of adiabatic effects on the coherence function has not been previously appreciated.
Scaling with frequency
As with the time coherence scaling, the characteristic horizontal coherence lengthŷ is computed using the e À1/2 decay of the normalized depth average coherence. Figure 10 shows the frequency scaling of horizontal coherence and the variation goes approximately as a power law with exponent -1.12. This value is similar to those found for time coherence, and it is seen that horizontal coherence decays a little faster with increasing frequency as would be predicted by ray or path integral theory. Range scaling is not presented because in the quadratic lag approximation the range scaling will be exactly R À1/2 .
C. Vertical coherence
In this section, the observable of depth coherence is treated. Here the coherence is a function of the two depth points being considered, and vertical homogeneity is not needed. For the calculation, the first depth point is chosen to be at the sound channel axis (z 1 ¼ 1050 m) and the other point z 2 is varied between 800 and 1300 m.
Adiabatic approximation
Turning to the matter of adiabaticity, Fig. 11 shows a comparison between the fully coupled vertical coherence calculation and the adiabatic approximation. In Fig. 11 , the normalized depth coherence is used as described in the Sec. III. Here, like in the case of horizontal coherence, the adiabatic theory is not as close to the fully coupled theory as was the case for temporal coherence. For depth coherence, however, there are theoretical reasons why the adiabatic hja n j 2 iðrÞ/ n ðz 1 Þ/ n ðz 2 Þ k n r :
Here it is apparent that the coherence depends critically on the mode energy distribution hja n j 2 i(r) which is strongly affected by coupling as is evident by Fig. 3 .
Scaling with range and frequency
For depth coherence, the definition of the characteristic coherence depthẑ is slightly more difficult compared to the temporal and horizontal scalesŝ andŷ because the coherence functions have a more complicated shape and they are not symmetrical about z 1 . At shorter ranges, there can be multiple crossings of the e À1/2 point. So to handle these factors,ẑ is computed by finding the first crossings of the e À1/2 point on either side of z 1 (call these valuesẑ þ andẑ À ) and thenẑ is the average of these two values. Figure 12 shows the frequency and range scaling of vertical coherence computed from the transport theory. For the frequency dependence, results are only shown for 500-km range because at 100 km, the coherences over the 800-to 1300-m aperture are above e À1/2 . Here the expected inverse dependence of frequency is seen. For range scaling, only the 250 Hz results are shown because the 75 Hz coherences are larger then e À1/2 for most of the ranges from 50 to 500 km. The results for range scaling show that the decay of coherence with range is much slower than the expected R À1/2 . These results are understood in terms of the decorrelation of the cross-mode coherence, which dictates the shape of the coherence function as seen by Eq. (29). That is to say, once the cross-mode coherences have decayed to near zero, and the mode energy distribution has equilibrated (near equipartion), then the range dependence of the vertical coherence will be very slow.
V. SUMMARY AND CONCLUSIONS
In this paper, transport equation estimates of temporal and vertical coherence have been tested against Monte Carlo simulations with the result that the transport theory is shown to provide accurate results. The transport equation results are also consistent (within less than a factor of two) with low frequency, long range observations from the Eastern North Pacific Ocean (Wage et al., 2005; Colosi et al., 2005) . The success of the transport theory in predicting acoustic field second moments means that this is a useful tool to understand ocean acoustic fluctuations at fixed frequency. This technique supplements path integral methods that provide understanding of variability along a fixed acoustic path. Future work in which transport theory to compute mode coherences across frequency is utilized will interestingly bring together the two formalisms.
Given the aforementioned success of the transport theory, the formalism is used to examine various aspects of coherence theory, namely the accuracy of the adiabatic and quadratic lag approximations, and the scaling of characteristic coherence times and lengths as a function of acoustic frequency and range. With regard to the adiabatic approximation, it is found that mode energies are changing dramatically with range due to mode coupling. However, temporal coherence has a strong adiabatic component, while vertical and horizontal coherence have more equal contributions from coupling and adiabatic effects. These results suggest that the adiabatic approximation can be reasonably used to estimate order of magnitude coherences (i.e., factors of two) without the additional burden of evaluating the full transport equations.
On the matter of the quadratic lag approximation, this is a question that has received little (if any) attention in the literature. Carey (1998) , for example, finds that various observations can be fit using powers of 1, 1.5, and 2 (quadratic).
In this study, it is found that the quadratic approximation is most valid at long range and high frequency, and the present calculations show essentially no error in the approximation at 250 Hz and 500-km range: At 75 Hz and 100-km range, however, there is significant error. The quadratic lag approximation has been a fixture in path integral results (Flatt e et al., 1979; Flatt e and Stoughton, 1988) where the phase structure function is expanded to quadratic order. Be that as it may, the structure function could easily be calculated without this approximation, thus significantly improving path integral results at short range.
On the matter of the frequency and range scaling of characteristic temporal coherence, it is found that these scaling laws depended critically on the aforementioned scalings of the coherence function with lag. At long ranges and high frequency, the quadratic approximation is good and therefore the scalings go as f À1 and R À1/2 . At shorter ranges and lower frequencies, the dependence on lag is somewhere between linear and quadratic but closer to quadratic. Therefore the scalings are somewhat steeper than minus one and minus one-half. This effect many account in some measure to the observational results reported by Yang (2008) suggesting that the frequency scaling of temporal coherence is f À1.5 , although the steepest exponent found here is À1.23 at 100-km range. For horizontal coherence, the transport theory is only tractable in the quadratic lag approximation and thus range scaling is precisely R À1/2 , and the frequency scaling is very close to f
À1
. The frequency and range scaling of depth coherence proves to be an entirely different situation because once cross-mode coherences have decayed, only small variations in mode energy change the coherence function [see Eq. (29) ]. In fact asymptotically, once the modes have reached equipartion, the vertical coherence does not change at all in range. Here ranges less than 500 km are considered, and it is found that vertical coherence scales as f À1 (as expected) but scales as R À0.20 (a much slower decay with range than expected). This curious range scaling is in fact consistent with observations in the Eastern North Pacific Ocean in which vertical coherence did not vary between 3000-and 5000-km range.
